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Abstract

Reinforcement Learning (RL) has been shown to substantially improve
the reasoning capability of small and large language models (LLMs), but
existing approaches typically rely on verifiable rewards, hence ground
truth labels. We propose an RL framework that uses rewards from an
LLM that acts as a judge evaluating model outputs over large amounts of
unlabeled data, enabling label-free knowledge distillation and replacing
the need of ground truth supervision. Notably, the judge operates with a
single-token output, making reward computation efficient. When combined
with verifiable rewards, our approach yields substantial performance gains
across math reasoning benchmarks. These results suggest that LLM-based
evaluators can produce effective training signals for RL fine-tuning.

1 Introduction
Recent advancements demonstrate that reinforcement learning (RL) can significantly en-
hance the overall capabilities of large language models (LLMs) by optimizing their outputs
against task-specific rewards (Sutton et al., 1999; Schulman et al., 2017; Ouyang et al., 2022;
Rafailov et al., 2023; Trung et al., 2024; Guo et al., 2025). This paradigm has driven no-
table breakthroughs in complex problem-solving domains, such as mathematics and logic,
where robust training signals can be derived from verifiable outcomes like ground-truth
answers (Trung et al., 2024; Guo et al., 2025) or structured feedback (Bai et al., 2022b; Dubois
et al., 2023). However, because these methods rely heavily on labeled datasets or mecha-
nisms for automatic verification, their applicability remains constrained in settings where
ground truth is unavailable or prohibitively expensive to collect.

To address this limitation, a growing line of research explores learning from weaker
or learned supervision signals, including human preferences or model-based feed-
back (Ouyang et al., 2022; Bai et al., 2022a;b; Zhu et al., 2023; Rafailov et al., 2023). Concur-
rently, the paradigm of utilizing an “LLM-as-a-Judge” has rapidly gained traction. To date,
however, this paradigm has been predominantly restricted to post-hoc evaluation—using
a capable LLM to assess and rank the quality of generations (Zheng et al., 2023; Wang
et al., 2023b). While these LLM evaluators correlate highly with human judgment, their
potential to serve as an active, automated reward signal during RL fine-tuning remains
underexplored. Existing methods that attempt to incorporate model-based feedback into
training often distill it offline into static preference datasets (Bai et al., 2022b; Lee et al., 2024)
or involve complex, separate reward modeling pipelines that scale poorly to the massive
sampling demands of continuous RL fine-tuning (Rafailov et al., 2023; Yuan et al., 2024).

Simultaneously, as the parameter counts of state-of-the-art models continue to scale, there is
a critical need to democratize advanced reasoning capabilities by distilling them into smaller,
more computationally efficient models suitable for resource-constrained deployment (Hin-
ton et al., 2015; Kim & Rush, 2016). Traditional knowledge distillation via supervised
fine-tuning (SFT) often falls short; by primarily encouraging surface-level token mimicry, it
fails to capture underlying reasoning processes, leading to poor generalization.

∗Co-corresponding authors.
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Our contributions. We bridge these gaps with a simple, scalable RL framework for label-
free knowledge distillation, transforming the LLM-as-a-Judge from a static evaluator into
an active reward generator. Given large volumes of unlabeled inputs, a smaller student
LM generates candidate reasoning trajectories. A highly capable judge LLM then directly
evaluates these candidates, producing a continuous scalar reward derived efficiently from a
single next-token probability. By training the student via RL to maximize these rewards, this
paradigm allows the model to actively explore the solution space and internalize the judge’s
latent reasoning capabilities through this lightweight feedback. On small models (125M and
350M), our RL framework achieves a 5–10 point improvement on mathematical reasoning
tasks compared to using only verifiable rewards. Moreover, it can yield larger gains on
out-of-domain evaluations, demonstrating improved robustness. On a larger model (6.7B),
our method still provides an improvement of approximately 1.5 points, indicating that the
proposed approach scales effectively to larger architectures.

2 Method
Reinforcement Learning with Verifiable Rewards (RLVR) has gained prominence following
its use in DeepSeek-R1 (Guo et al., 2025) for o1-style (Learning to reason with LLMs) long
chain-of-thought (CoT, Wei et al., 2022) reasoning. Yet, because RLVR’s benefits scale with
model size, smaller architectures experience only modest reasoning improvements (Guo
et al., 2025). In this work, we demonstrate that a reinforcement learning framework guided
by a carefully designed LLM-as-a-judge reward system can effectively elicit latent knowl-
edge from a large model to enhance the reasoning capabilities of a smaller counterpart.

2.1 Problem setup
A supervised dataset consists of (question, CoT, answer) tuples denoted as (x, e, y), where
the chain-of-thought (CoT) (Wei et al., 2023) e represents the intermediate reasoning process
that leads to the correct answer y. The language model provides conditional probabilities
of the form πθ(a|st) where a is a token in the vocabulary, and st denotes the “state” at
step t. The state can be interpreted as the generation context, including all tokens in the
question and all tokens generated so far, based on which the LM predicts the next token.
Once the token at+1 ∼ πθ(a|st) is generated, it is appended to the exist context to form
st+1 = [st, at+1] for generating the next token. This process is repeated until the model
generates the end-of-sentence token <eos>. For the initial state, we have s0 = x.

Warm-up To equip an LLM with complex reasoning capabilities, we first employ a Super-
vised Fine-Tuning (SFT) phase. During this process, the model is trained to maximize the
log-likelihood of CoT sequences. Denote by e = [a1, . . . , aL−1, aL =<eos>] the CoT token
sequence of length L. The SFT loss is defined as LSFT(θ) = −Ee∼D

[
∑L

t=1 log(πθ(at|st−1))
]
.

Reinforcement learning (RL) We can further boost the model’s reasoning capability,
by having the model learn from its experience using reinforcement learning (Sutton &
Barto, 2018). We view πθ(a|st) as a policy which spills out tokens, or “actions” in the RL
terminology, which evolves the state st until reaching the terminal state (when <eos>
is generated), upon which time a raw reward is given based on the state trajectory. All
intermediate steps have a raw reward of 0.

We adopt the Proximal Policy Gradient (PPO, Schulman et al., 2017) method as implemented
by Trung et al. (2024) for RL fine-tuning of a smaller LM. Let r(st−1, at, st) be the raw reward
for generating at at step t; the design of raw reward is detailed in the next subsection. For
stability, PPO regularizes the learned policy to stay close to the reference model πref (e.g., a
model obtained by SFT warm-up), and its total reward takes into account the KL divergence
between the learned model and the reference model:

rtotal(st−1, at, st) = r(st−1, at, st)− β · KL(πθ(· | st−1), πref(· | st−1)) .

Additionally, PPO employs a value model Vϕ(·) to predict the expected reward for each
state. Architecturally, Vϕ shares most parameters with the policy πθ by adding a value head
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atop the final hidden layer. We perform Temporal Difference (TD) estimation of state values:

Ât =
L−t

∑
l=0

(γλ)lδt+l , where δt′ = −Vϕ(st′) + rtotal(st′ , at′+1, st′+1) + γVϕ(st′+1)

with the terminal state value Vϕ(sL+1) := 0, γ ∈ (0, 1] is the discount factor for rewards,
and γ ∈ [0, 1] is the discount factor for TD (Schulman et al., 2018). The final estimated state
value for st is R̂t = Ât + Vϕ(st). The loss for step t involves two terms, one for the expected
reward and the other for value estimation:

Lt
policy(θ) = −Ee∼πθold

[
min

(
πθ(at | st−1)

πθold
(at | st−1)

Ât, clip
(

πθ(at | st−1)

πθold
(at | st−1)

, 1 − ϵ, 1 + ϵ

)
Ât

)]
,

Lt
value(ϕ) =

1
2

Ee∼πθold

[
max

(∥∥Vϕ(st)− R̂t
∥∥2 ,

∥∥clip
(

R̂t − Vϕ(st), Ât − ϵ, Ât + ϵ
)∥∥2
)]

where πθold
, Vϕold denotes earlier models which are used for sampling the “rollout” CoT and

computing Ât and R̂t. The final RL loss is the weighted combination:

LPPO(θ, ϕ) =
L

∑
t=1

(
Lt

policy + αLt
value

)
where α ≥ 0 is the coefficient for the value objective.

Group Relative Policy Optimization (GRPO, Shao et al., 2024) We have implemented
GRPO (see Appendix A for the formal loss definition) and benchmarked its performance
against PPO (Section 4.2). Because both algorithms yield comparable results on our target
tasks, and GRPO inherently demands higher computational overhead by generating multi-
ple candidate responses per question (group size G = 8 in our setup), we have relied almost
exclusively on PPO for the remainder of this study to maximize training efficiency.

2.2 Reward Design

2.2.1 Verifiable Reward
The majority of previous works have considered using binary reward or its simple extension,
partial reward (Le et al., 2022; Trung et al., 2024) to reduce the effect of learning from sparse
signals (Riedmiller et al., 2018; Trott et al., 2019), i.e.,

r(st−1, at, st) =


0, EXTRACT(sL) = ∅
0.1, EXTRACT(sL) ̸= ỹ and EXTRACT(sL) ̸= ∅
1, EXTRACT(sL) = ỹ,

(1)

with ỹ being the ground truth answer. In a natural language CoT setup, the model receives
a reward of 0 if the final answer is non-numerical (and thus cannot be extracted), 0.1 if it is
numerical but incorrect, and 1 if it is completely correct. In this work, however, we focus
on a programming language (PoT) setup (Gao et al., 2023) where the reasoning process is
represented as a Python program, which is more rigorous and has lower perplexity than
NL. Accordingly, we assign a reward of 0 if the code fails to compile or times out, 0.1 if it
executes successfully but yields an incorrect answer, and a full reward of 1 when the output
perfectly matches the ground truth. The loss function associated with this reward is LVR

PPO.

2.2.2 LLM-as-a-judge Reward
In this work, we focus on scenarios where unlabeled data is abundant, yet verifiable ground-
truth rewards are prohibitively expensive or unavailable. To address this, we leverage a
highly capable teacher LLM to dynamically generate training signals on the fly. Rather than
using the teacher to generate pseudo-labels (such as complete Chain-of-Thought trajectories
and final answers)—a process that is computationally heavy and prone to reasoning errors—
we deploy it strictly as an evaluator. By judging the quality of student’s generated reasoning,
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the teacher provides a nuanced “degree of correctness” that serves as a rich, continuous
reward signal for RL optimization.

During RL fine-tuning, the student model generates a candidate reasoning trajectory (CoT)
for a given question. This (question, CoT) pair is then concatenated with an evaluation
prompt and fed to the large judge LLM to determine if the solution is correct. Because
the prompt explicitly constrains the judge to answer only “Yes” or “No”, we can simply
perform a single-step conditional generation. By extracting the logits corresponding to the
“Yes” and “No” tokens, we compute a continuous scalar reward directly from these values.
This approach is an instance of the future constraint satisfaction score developed by Tu et al.
(2024). The judge LLM evaluates candidates using the prompt detailed below:

You are a computer science teacher evaluating a student’s Python solution.

Question: {question}
Python solution: {response}

Ignoring the docstring, does the Python solution correctly solve the problem?
Answer Yes or No only.

Answer: □

To compute the reward, we extract the judge LLM’s specific logits for the “Yes” and “No”
tokens from the output distribution at position □, calculating the score as follows:

s(p(Yes), p(No)) = σ (u) · I{σ(u)≥a}, where u =
log p(Yes)− log p(No)

τ
, (2)

τ ≥ 0 is a temperature parameter, σ(u) = 1
1+exp(−u) is the logistic sigmoid function, and a

is a threshold so that scores smaller than a will be set to 0. Throughout this work, we set
τ = 1 and a = 0.35. We emphasize that the reward depends only on LLM logits and not
the plausibility of the code. Furthermore, our LLM-based reward relies on the logits from a
single inference step, eliminating the need to generate complete reasoning trajectories to
obtain a score. We denote the loss function associated with this reward as LYoN

PPO.

2.2.3 Pretrained Reranking Model-as-a-judge
While reranking typically boosts inference by selecting best-of-k results via a binary classi-
fier (Uesato et al., 2022), this classifier inherently outputs a correctness probability. We adapt
this for training by repurposing a pretrained reranking model1 (Trung et al., 2024). Treating
its predicted probability as a continuous reward on unlabeled data integrates a second judge
to diversify our RL pipeline, with the associated loss denoted LRerank

PPO . However, as this
reranker is task-specific, its reward may be less robust than the more task-invariant LYoN

PPO.

2.2.4 Overall training objective
Combining the above three loss functions, we obtain the final learning objective:

Loverall = λ · LVR
PPO + µ · LYoN

PPO + ρ · LRerank
PPO ,

where the loss coefficients sum to one, forming a convex combination (i.e., λ + µ + ρ = 1).

3 Related Work
Knowledge Distillation. Knowledge distillation (KD) transfers knowledge from a large
teacher model to a smaller student model (Hinton et al., 2015). Early work in NLP extends
KD to sequence generation tasks by distilling sequence-level outputs (Kim & Rush, 2016). A
common approach is to minimize the Kullback–Leibler (KL) divergence between teacher
and student distributions, which has been widely adopted in subsequent studies (Kim

1https://huggingface.co/lqtrung1998/galactica-6.7b-ReFT-Rerank-GSM8k
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& Rush, 2016; Gu et al., 2026; Wu et al., 2025). Beyond likelihood-based objectives, Tu
& Gimpel (2018); Tu et al. (2020) proposed training an inference network to match the
teacher by minimizing its energy function. Recent advancements have shifted focus toward
distilling complex reasoning capabilities from LLMs. For instance, Deng et al. (2023) explore
a novel paradigm of implicit chain-of-thought distillation, transferring the explicit, token-
by-token reasoning steps of a teacher directly into the vertical hidden states of a student
to eliminate the need for generating intermediate text. Building on this push for extreme
model compression and efficiency, recent frameworks like CODI (Shen et al., 2025) utilize
self-distillation to compress natural language reasoning into a continuous latent space by
aligning hidden states across tasks, successfully matching explicit reasoning performance
while drastically reducing computational overhead. Most recently, research has integrated
RL to further elicit and distill these complex reasoning behaviors, as seen in DeepSeek-
R1 (Guo et al., 2025). However, conventional knowledge distillation via supervised fine-
tuning (SFT) is limited to surface-level imitation, failing to capture underlying reasoning
processes and resulting in poor generalization.

Reinforcement Learning. Reinforcement learning (RL) has become a standard approach
for aligning large language models (LLMs) with desired behaviors. Early work on rein-
forcement learning from human feedback (RLHF) relies on reward models trained from
costly human annotations (Ouyang et al., 2022; Bai et al., 2022a). To reduce this depen-
dence, subsequent methods introduce model-based feedback, where LLMs replace human
labelers (Bai et al., 2022b; Lee et al., 2024). However, these approaches typically construct
static preference datasets and train separate reward models, resulting in complex and com-
putationally expensive pipelines. To simplify training, methods such as Direct Preference
Optimization (DPO) (Rafailov et al., 2023) and related techniques (Zhu et al., 2023; Yang
et al., 2024) optimize policies directly from pairwise preferences, while Self-Rewarding
Language Models (Yuan et al., 2024) iteratively generate their own preference data for DPO
training. Nonetheless, these approaches remain limited by offline preference data. More
recent work explores richer reward signals beyond binary feedback (Damani et al., 2026;
Gunjal et al., 2026), and integrates RL with distillation to transfer reasoning capabilities (Guo
et al., 2025). In contrast, we propose a reinforcement learning–based knowledge distillation
framework that leverages multiple reward signals derived from LLM judges. Our approach
produces lightweight, real-time rewards from unlabeled data, eliminating the need for of-
fline preference datasets and ground-truth supervision while achieving strong performance
on reasoning tasks.

4 Experiments

Supervised training sets. GSM8K (Cobbe et al., 2021) and SVAMP (Patel et al., 2021) are
commonly used grade school level math word problem dataset in training and testing
reasoning LMs. In this work, we use these two datasets for training with labels.2

Unsupervised datasets. To boost RL distillation performance, we apply proposed reward
signals across two unlabeled datasets, specifically GSM8K-aug (Deng et al., 2024) and GSM-
Plus (Li et al., 2024). While GSM-Plus typically serves as an evaluation benchmark, we
ensure no ground-truth labels are revealed during the RL fine-tuning phase.3 We specifically
selected this dataset because its expert-reviewed, perturbed problems provide the necessary
volume and complexity to thoroughly probe the limits of the model’s reasoning capabilities.

Evaluation sets. Various challenging evaluation datasets, such as GSM-IC (Shi et al., 2023),
GSM-Plus (Li et al., 2024), GSM-Symbolic (Mirzadeh et al., 2025), GSM-∞ (Zhou et al., 2025),
are proposed to evaluate the robustness of language models. In this work, we focus on
GSM-Plus and GSM-Symbolic. From the 10,552 total samples in GSM-Plus, we exclude
1,319 instances that lack a valid ground-truth answer (specifically, those labeled as “None”).

2Given the non-trivial computational cost required to obtain MathQA results in Trung et al. (2024),
coupled with the minimal improvement RL offers over SFT on this dataset, we chose to exclude it
from our current study to focus on more computationally efficient benchmarks.

3We obtained explicit permission from Li et al. to use GSM-Plus for training on this project.
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Dataset/Size Train Test
Labeled Dataset for LVR

PPO
GSM8K 7,356 1,319
SVAMP 3,043 1,000
MathQA 15,250 1,605

Unlabeled Dataset for LYoN
PPO & LRerank

PPO
GSM8K-aug 385,461 —
GSM-Plus 9,233 —

Dataset for Evaluation
GSM-Plus — 9,233
GSM-Symbolic

–main — 5,000
–p1 — 5,000
–p2 — 2,500

Table 1: Dataset Statistics.

LLM GSM8K SVAMP

YoN LL YoN LL
Qwen3-8B 88.0 81.5 93.0 79.0
Llama3.1-8B-Instruct 82.0 81.0 87.5 79.5
Gemma3-12B 85.0 49.5 87.0 64.0

Table 2: Judge Quality for Galactica-125M SFT Samples.

Dataset Performance
GSM8K 87.5
SVAMP 80.5

Table 3: GSM8K-pretrained 6.7B
Rerank Model Quality.

GSM-Symbolic follows a template that perturbs numeric variables in the original GSM8K
dataset. To further increase the difficulty, one (p1) or two (p2) clauses are added to the
questions, giving the dataset long context and making it significantly more difficult. A
summary of datasets we used can be found in Table 1.

Model Architecture. We evaluate our distillation framework on Galactica-125M (Taylor
et al., 2022) and CodeGen-350M (Nijkamp et al., 2023), which serve as ideal, representative
small LLMs for this task. Although computational limits necessitated fine-tuning with fewer
epochs and a smaller global batch size than those used by Trung et al. (2024), we still aim to
reproduce their core performance for RLVR. See Appendix C.2 for hyperparameters.

4.1 Judge Quality

To achieve optimal distillation performance, we must first secure a high-quality judge for
the target tasks. Therefore, we begin by comparing the performance of various large models.
To do so, we sample 200 questions using the student model’s SFT checkpoint, prompting
the large model to evaluate both a correct (yw) and a incorrect (yl) answer (based on ground
truth) generated by the same small model. We count the evaluation as a correct judgment
if r(x, yw) > r(x, yl). Furthermore, we compare this approach to another scoring method,
denoted “LL”, which returns the average token log-likelihood of the response portion. As
shown in Table 2, Qwen3-8B performs consistently better than other models, so we adopt it
as our judge in the following experiments. It is also worth noting that our scoring method
outperforms the average generation token likelihood in most cases.

Following the same procedure, we next evaluate the pretrained reranking model detailed in
Section 2.2.3. A judgment is considered correct if the classifier assigns a higher probability
to a verifiably correct response than to an incorrect one for the same question. As shown in
Table 3, the model performs exceptionally well on GSM8K, likely because it was explicitly
trained on this dataset. While developing task-specific reranking models could potentially
yield even stronger performance on other datasets, we leave this exploration to future work.
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Table 4: Galactica-125M trained on GSM8K. Ablation of coefficients for our methods.

Coefficients GSM8K GSM-Plus GSM-Symbolic SVAMP

λ µ ρ main p1 p2
Reported by Trung et al. (2024)
SFT Complete 23.70 — — — — —
1.0 – – 29.80 — — — — —
With original GSM8K only
SFT Warm-up 21.83 12.49 20.24 4.88 1.80 29.50
SFT Complete 25.25 15.14 22.88 7.40 3.64 32.30
1.0 0.0 0.0 30.48 18.38 30.96 8.42 0.48 31.30
0.5 0.5 0.0 30.63 18.96 28.32 9.64 1.40 35.90
0.0 1.0 0.0 29.19 17.95 26.42 11.70 4.72 37.00
GSM8K sup + GSM8K-aug unsup
0.0 1.0 0.0 33.13 21.28 30.38 11.36 3.32 44.70
0.0 0.0 1.0 32.98 20.92 31.12 10.36 2.60 46.30
0.5 0.5 0.0 35.10 22.14 34.08 12.76 3.32 40.70
0.0 0.5 0.5 40.71 25.33 37.74 14.62 3.00 50.70
0.5 0.25 0.25 40.11 25.26 37.50 15.70 2.24 42.60

4.2 Results on GSM8K
We first train a supervised fine-tuning (SFT) warm-up model, which achieves an initial
accuracy of 21.83%. All subsequent RL experiments are initialized from this warm-up
checkpoint. Additionally, we record the performance of a complete SFT run trained to
convergence; our final SFT accuracy of 25.25% on the GSM8K evaluation set is slightly
stronger than the 23.70% baseline reported by Trung et al. (2024).

As shown in Table 4, we first reproduced the original PPO results, where RLVR benefits small
models without extra amount of data, obtaining an accuracy of 30.48% which significantly
outperforms complete SFT training (25.25%). Furthermore, using YoN reward with or with-
out RLVR, we obtain similar performance: we achieve 30.63% for (λ, µ, ρ) = (0.5, 0.5, 0.0)
and 29.19% for (0.0, 1.0, 0.0), showing the reliability of the judge model and YoN reward.

Next, we incorporate unlabeled augmented data, where LYoN
PPO and LRerank

PPO are computed.
With only unlabeled augmented data, using LYoN

PPO alone (33.13%) or LRerank
PPO (32.98%) alone

outperforms LVR
PPO on GSM8K only (30.48%), showing that large-scale training on unlabeled

data with “noisy” rewards can surpass the performance of using limited labeled data with
verifiable rewards.

In the semi-supervised setup, we compute the LVR
PPO loss on the labeled data, while applying

the LYoN
PPO and LRerank

PPO losses to the unlabeled data. This configuration yields a model with
40.11% accuracy using the hyperparameters (λ, µ, ρ) = (0.5, 0.25, 0.25), and 40.71% accuracy
with the setting (0.0, 0.5, 0.5). Both results represent a significant leap in performance
compared to relying solely on RLVR with labeled data. See Figure 1 for learning curves.

Ablation on unsupervised data An ablation on the size of augmented data is performed in
Table 5, showing that with reduced amount of unlabeled data, our model still outperforms
RLVR. We then used GSM-Plus as our unlabeled dataset, and as shown in Table 5, the model
performance is at 41.70%. This shows that a high-quality, difficult dataset can boost the
performance of small models with less amount of data. Surprisingly, using all three loss
terms enable our small model to perform better than the oracle experiment where LVR

PPO is
used on labeled GSM8K-aug, showing the efficacy of our method.

Out-of-domain evaluation Our models significantly outperform RLVR on out-of-
distribution datasets—including GSM-Plus, GSM-Symbolic-main, GSM-Symbolic-p1, and
SVAMP—demonstrating the robustness of our approach. On the other hand, GSM-Symbolic-
p2 requires a much larger model capacity.
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Table 5: Galactica-125M trained on GSM8K. Results with ablation of augmentation data.

Coefficients GSM8K GSM-Plus GSM-Symbolic SVAMP

λ µ ρ main p1 p2
GSM8K sup + GSM8K-aug unsup
0.5 0.25 0.25 40.11 25.26 37.50 15.70 2.24 42.60
GSM8K sup + 25% GSM8K-aug unsup
0.5 0.25 0.25 38.36 24.61 36.42 13.74 1.16 42.30
GSM8K sup + 5% GSM8K-aug unsup
0.5 0.25 0.25 36.54 22.85 31.96 10.24 0.96 43.10
GSM8K sup + GSM-Plus unsup
0.5 0.5 0.0 41.70 28.97 35.52 12.78 1.12 37.90
RLVR with labeled GSM8K-aug (Oracle)
1.0 0.0 0.0 36.01 26.64 37.20 14.58 1.96 51.00

0 20 40 60 80
Thousand Step

15

20

25

30

35

40

=1.0 (no aug)
=0.5, =0,5 (aug)
=0.5, =0.25, =0.25 (aug)

Figure 1: Evaluation Accuracy on GSM8K during RL.

GRPO To determine whether a more advanced reinforcement learning algorithm yields
superior results in our framework, we evaluate the performance of GRPO. As shown in the
top section of Table 6 and Figure 2, GRPO provides a more substantial performance gain.
Specifically, under the configuration (λ, µ, ρ) = (0.5, 0.5, 0.0), GRPO achieves an accuracy of
37.30%, outperforming the 35.10% accuracy obtained by PPO under identical settings.

Large model (Galactica-6.7B) It is natural to investigate whether our proposed reward
framework benefits larger architectures. As detailed in Table 6 (bottom section), we demon-
strate that our approach can effectively boost the RL performance of a student model using
feedback from a judge of comparable scale. We initialize our experiments from the 6.7B
Galactica checkpoint provided by Trung et al. (2024) on both LVR

PPO and LVR
PPO +LYoN

PPO losses4.
Although the baseline RLVR performance is already saturated at this scale, incorporating
the combined reward yields a notable gain, improving accuracy from 69.07% to 70.43% on
the GSM8K evaluation set. Applying majority voting (Wang et al., 2023a) further elevates
this result to 71.95%. Ultimately, these findings illustrate that effective distillation can be
driven not just by a disparity in model size, but also by scaling the volume of training data.

CodeGen-350M. In Table 7, we show that similar performance gains are observed using
another small model, CodeGen-350M. When we mix labeled data for LVR

PPO and unlabeled
data for LYoN

PPO and LRerank
PPO , we obtain a model with 31.31% accuracy on GSM8K test set,

4Using all three losses LVR
PPO + LYoN

PPO + LRerank
PPO on a 6.7B model would necessitate ZeRO-3 offload-

ing, rendering the training process prohibitively slow; therefore, we do not pursue it here.
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Table 6: Galactica trained on GSM8K. Small model with GRPO and large model with PPO.

Coefficients GSM8K GSM-Plus GSM-Symbolic SVAMP

λ µ ρ main p1 p2
Galactica-125M (GRPO)
1.0 0.0 0.0 30.33 18.00 26.30 7.98 1.36 28.50
0.5 0.5 0.0 37.30 23.71 35.36 11.18 2.20 45.20
Galactica-6.7B (PPO)
Reported by Trung et al. (2024)
1.0 0.0 0.0 68.91 — — — — —
Continuing from the above checkpoint
1.0 0.0 0.0 69.07 51.97 64.24 54.82 23.36 69.40
+ voting 71.72 53.28 67.42 57.94 27.00 70.80
0.5 0.5 0.0 70.43 53.35 66.32 53.32 25.72 74.20
+ voting 71.95 55.52 68.12 57.28 28.36 74.90

Table 7: CodeGen-350M trained on GSM8K. × indicates training collapse.

Coefficients GSM8K GSM-Plus GSM-Symbolic SVAMP

λ µ ρ main p1 p2
Reported by Trung et al. (2024)
SFT Complete 20.40 — — — — —
1.0 – – 28.40 — — — — —
Original GSM8K only
SFT Warm-up 22.37 13.14 23.14 8.44 2.84 27.20
SFT Complete 22.97 14.07 23.40 8.34 2.96 28.20
1.0 0.0 0.0 26.91 16.35 29.90 10.54 4.16 34.30
0.5 0.5 0.0 27.52 16.59 30.06 9.14 3.04 38.20
0.0 1.0 0.0 × — — — — —
GSM8K sup + GSM8K-aug unsup
0.0 1.0 0.0 × — — — — —
0.5 0.5 0.0 31.01 19.11 33.86 11.54 4.72 38.50
0.5 0.25 0.25 31.31 19.63 30.38 10.74 3.56 35.90
GSM8K sup + GSM-Plus unsup
0.5 0.5 0.0 35.63 22.98 33.12 12.08 2.08 32.80

showing a substantial increase from 26.91%, which uses only RLVR on labeled data. Using
LVR

PPO +LYoN
PPO already gives us a performance of 31.01%, so the rerank reward does not seem

to contribute as much to distillation as it does to Galatica-125M. Our best result 35.63%
is achieved by semi-supervised training on GSM-Plus with LYoN

PPO. We note that reward
signals on only unlabeled data may lead to the reward hacking phenomenon, causing model
collapse. However, RLVR stabilizes training.

4.3 Results on SVAMP

As shown in Table 8, our method improves small models significantly on SVAMP as well.
For Galactica-125M, we show that with augmented data, we can improve the small model
performance from that with RLVR (40.1%) to 47.0% with all three loss terms. And for
CodeGen-350M, performance is improved from 41.4% to 46.6%. We observe that models
trained on GSM8K generalize effectively to SVAMP, whereas models trained on SVAMP
perform poorly on the GSM8K evaluation sets (results not shown). This asymmetry indi-
cates that the similarity between the labeled training set and the target domain critically
determines the model’s ultimate robustness and generalization. Model collapse is noticed
when λ = 0; we discuss this phenomenon and mitigation strategies in Appendix B.3.
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Table 8: Small models trained and evaluated on SVAMP.

Galactica-125M

Coefficients SVAMP
λ µ ρ

Reported by Trung et al. (2024)
SFT Complete 35.60
1.0 – – 39.40
Original SVAMP only
SFT Warm-up 36.90
SFT Complete 37.40
1.0 0.0 0.0 40.10
0.5 0.5 0.0 40.10
0.0 1.0 0.0 39.90
GSM8K sup + GSM8K-aug unsup
0.0 1.0 0.0 44.50
0.5 0.5 0.0 47.00
0.5 0.25 0.25 44.30

CodeGen-350M

Coefficients SVAMP
λ µ ρ

Reported by Trung et al. (2024)
SFT Complete 34.40
1.0 – – 39.30
Original SVAMP only
SFT Warm-up 35.60
SFT Complete 35.80
1.0 0.0 0.0 41.40
GSM8K sup + GSM8K-aug unsup
0.0 1.0 0.0 ×
0.5 0.5 0.0 41.80
0.5 0.25 0.25 46.60

5 Conclusion and Future Work
In this work, we propose an LLM fine-tuning framework that delivers consistent and
substantial performance gains across challenging mathematical reasoning benchmarks.
Our findings highlight that efficient LLM-based evaluators can serve as powerful training
signals for RL fine-tuning, significantly enhancing the reasoning capabilities of smaller
models while reducing dependence on ground-truth supervision. For future work, we plan
to enhance our distillation framework by integrating more advanced variants of policy
gradient algorithms (Yu et al., 2025). Additionally, we aim to extend our methodology to the
training and fine-tuning of emerging diffusion language models (Lou et al., 2024; Ye et al.,
2024; Nie et al., 2025; Zekri & Boullé, 2025; Zhu et al., 2025).
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A Group Relative Policy Optimization (GRPO)

Due to the success of DeepSeek-R1 (Guo et al., 2025), GRPO has become currently the most
popular RL algorithm for reasoning tasks, and one may wonder how it compares with PPO
on our tasks. Here we briefly review the algorithm.

A key architectural divergence lies in the absence of a value module in GRPO. Unlike PPO,
which relies on a critic to estimate the advantage and mitigate the variance of the policy
gradient, GRPO eliminates this requirement. Instead, GRPO samples a group of CoTs for
the same question, denoted as {e1, . . . , eG} where ei = [ai

1, . . . , ai
|ei |], using the old policy

model πθold
. They receive the raw rewards {r1, . . . , rG} at their corresponding terminal state.

Outcome supervision provided the normalized reward that is shared by all tokens within
each CoT:

Âi =
ri − mean(r)

std(r)
.

GRPO optimizes the following objective

LGRPO(θ) = E{ei}G
i=1∼πθold

1
G

G

∑
i=1

1
|ei|

×

|ei |

∑
t=1

{
min

[
πθ(ai

t | si
t−1)

πθold
(ai

t | si
t−1)

Âi, clip

(
πθ(ai

t | si
t−1)

πθold
(ai

t | si
t−1)

, 1 − ε, 1 + ε

)
Âi

]
− βDKL

[
πθ∥πref

]}
.

A.1 Accuracy Curve

The delta with GRPO is larger than that of PPO as shown in Figure 2, where aug means
using GSM8K-aug as unlabeled data.
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Figure 2: PPO vs GRPO

B Additional Results

B.1 Reward Curves

These three curves in Figure 3 show that the reward increases and plateaus later. It corre-
sponds to our setup where λ = 0.5, µ = 0.25, ρ = 0.25 using GSM8K-aug.
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Figure 3: All three types of our active training reward on Galactica-125M.

B.2 Natural language tasks.

For natural lanuage training, we use the following prompt:

You are a grade school math teacher trying to evaluate the student’s response.

Question: {question}
Response: {response}

Is the response correct? Answer Yes or No only.

Answer: □

Table 9: Galactica-125M trained on GSM8K-NL. First row is an SFT run.

Coefficients GSM8K GSM-Plus GSM-Symbolic SVAMP

λ µ ρ main p1 p2
Reference GSM8K-NL
– – – 8.49 4.17 3.42 1.16 0.32 7.40

1.0 0.0 0.0 10.31 5.04 1.20 1.20 1.24 9.10
With GSM8K-aug
0.5 0.5 0.0 10.46 5.22 4.18 1.42 0.92 11.10

As shown in Table 9, because small models benefit more from PoT, which uses highly
structured language, than from NL CoT, we use the former for all of our experiments.

B.3 Failure Modes

Reward hacking or reward collapse has been reported in existing RL literature (Uehara
et al., 2024; Skalse et al., 2025). It is a phenomenon where the nominal (or proxy) reward
values are high (e.g., the aesthetic score of a generated image, the plausibility of generated
code snippet), while the generation itself does not make sense. In our experiments, this
often occur when λ = 0. For example, as seen in Figure 5, the hacked response does not
generate any code (or in some cases, generates a number with no reasoning whatsoever and
returns directly), but the reward is much higher than the incorrect response with reasonable
code. As we further demonstrate in Figure 4, the transition from stable state to failure
state happens quickly. We present some intuitive mitigation strategies as follows, but more
rigorous treatments are left to future explorations.

Mitigation Strategies Occasionally, reward hacking persists in the unsupervised dataset
even when the supervised dataset generates reasonable signals. This may lead to training
collapse or drastically slow down training. To alleviate this, we (1) instruct the small LMs
explicitly by the end of the docstring “Please provide full reasoning before computing
result; do not answer with result only.” and (2) apply a mask, so that if generated
code snippet is less than 4 lines, we assign a judge reward of 0. This modification is only
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Figure 4: Judge Mean Reward Curve

Question: each pack of dvds costs 76 dollars. if there is a discount of 25 dollars on each pack
how much do you have to pay to buy each pack?

Correct Response

def solution():
"""each pack of dvds costs 76...
...how much do you have to pay?"""
cost_per_pack = 76
discount_cost = 25
total_cost = cost_per_pack

- discount_cost
return total_cost

Reward: 0.728

Incorrect Response

def solution():
"""each pack of dvds costs 76...
...how much do you have to pay?"""
cost_per_pack = 76
discount_amount = 25
total_cost = cost_per_pack

* discount_amount
return total_cost

Reward: 0.303
(clipped to 0)

Hacked Response

def solution():
"""each pack of dvds costs 76...
...how much do you have to pay?"""

Reward: 0.635

Figure 5: Example completions with YoN reward scores. Notice how the hacked response
does not generate anything given the declaration and docstring, yet obtaining a good score.

applied to GSM8K sup+GSM-Plus unsup using CodeGen in Table 7. However, these patches
may not solve the issue since occasionally our modifications led to consistent zero rewards
and henceforth model collapse. They also cause performance degradation in runs that do
not observe reward hacking.

The instance of reward hacking reported in Trung et al. (2024) on MathQA-Multiple Choice
dataset, where the model reports the correct answer option albeit having the wrong rea-
soning, is different from our encounter, where the model gives no or very short response
without any reasoning. Nevertheless, both scenarios achieve high rewards with low quality
reasoning. More future work on new regularization methods is therefore necessary.

C Implementation Details

All experiments are performed on A100 GPUs and H100 GPUs.
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C.1 Data Processing

Sampling. We created 100 completions/responses from 200 randomly selected test ques-
tions, using the SFT warm-up model and same seed for each test set. We select one correct
completion and one incorrect completion and use the LLM to score the correct completion
and the incorrect completion.

Training. Grade school-level math reasoning datasets GSM8K and SVAMP are directly
obtained from the ReFT repository (Trung et al., 2024). The augmented version of GSM8K
(GSM8K-aug) is first created in Deng et al. (2024), and we use the processed version on
Huggingface5. For ablation on the amount of augmented data, we randomly select 5%
(19,273) and 25% (96,365) of all GSM8K-aug.

C.2 Hyperparameters

Training steps. Because we have two dataloaders for distillation experiments, we do not
count epochs and instead count optimizer update steps. Furthermore, since GSM8K-aug has
a large amount of data, running one epoch on unlabeled data will take at least six days and
it does not make sense for us to track number of epochs. For Galactica-125M6 experiments
trained on GSM8K, we trained for 100,000 optimizer steps. For CodeGen-350M7 experiments
trained on GSM8K, we trained for 50,000 steps. For Galactica-6.7B experiments continuing
from the checkpoint, we ran 15,000 optimizer steps. For all experiments on SVAMP, we ran
for 50,000 steps.

SFT. To warm-up a model, we train the model for 10 epochs using 24 global batch size. For
complete SFT runs, we train the model for 40 epoch using 24 global batch size. The learning
rate is 2e-5 in both scenarios.

RL-based distillation. We train all small models based on warm-up checkpoints, using
global batch size of 24. The PPO epoch is set to 2. The value function coefficients α for
Galactica-125M and CodeGen-350M are set to 5 and 0.1, respectively. The KL coefficient β is
set to 0.01 for all PoT tasks.

GRPO. The global batch size is 16, and we use 8 hypotheses (G = 8) per question to
calculate the advantage. The other settings are identical to those of PPO.

Large Model Experiment. The global batch size is 16, and we use 100 hypotheses per
question for majority voting.

More on the overall objective. While the reward functions can be simply summed up,
leading to only one PPO loss, we use three losses here because one dataloader is used for
labeled data, and the other unlabeled data. To make fair comparisons across methods, the
recorded steps are optimizer update steps instead of those for a certain dataloader.

5https://huggingface.co/datasets/whynlp/gsm8k-aug
6https://huggingface.co/facebook/galactica-125m
7https://huggingface.co/Salesforce/codegen-350M-mono
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